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Abstract. High-field transport of electrons in semiconductor superlattices under intense parallel
magnetic and time-dependent electric fields is investigated within a quantum-kinetic approach.
Intra-collisional field effects of all fields are taken into account. In a biased superlattice subjectto an
intense radiation field of terahertz frequency, cyclotron—Stark—phonon—photon current resonances
are predicted to occur for particular ratios of the Blaghy,), cyclotron (w.), and terahertz
frequencies(w). Under strong irradiation, pronounced maxima appear at resonance positions
given bylQ,. + nw. + mo £ wg = 0, wherel, n, m are integers andyo the phonon frequency.
Electro-phonon resonances are enhanced by a magnetic field but strongly weakened by an intense
terahertz electric field.

1. Introduction

A strong electric field applied parallel to the superlattice (SL) axis localizes electronic states
along the field direction into Wannier—Stark (WS) states, whose spatial extent is inversely pro-
portional to the field strength. If the level broadeninf,. is smaller than the spacird,.d
(whereE,, is the dc electric field and the SL period) between the rungs of the WS ladder, the
current proceeds by inelastic hopping between WS states belonging to neighbouring SL wells.
The increase of the degree of localization with the electric field gives rise to negative differential
conductance (NDC) in the current—voltage-¥) characteristic. It has been predicted [1-3]

that WS quantization leads to electro-phonon resonande®atd = hwg (Wherewy is the
frequency of polar-optical phonons ahndn integer) giving rise to a non-monotonieV
dependence. Such resonances are greatly enhanced by a parallel magnetic field [4], which
quantizes the lateral electron motion. If both fields are applied, the energy spectrum becomes
completely discrete. Related cyclotron—Stark—phonon resonances have been studied both
experimentally [5-10] and theoretically [4,11-13].

An ac field in the terahertz (THz) domain, also applied parallel to the SL axis, opens up a
second transport channel due to delocalization of carriers in the irradiation field accompanied
by resonant photon absorption. The radiation field can suppress the formation of field domains
and can thus contribute to a stabilization of fhé/ characteristics in the NDC regime. Under
the condition that Bloch oscillations interfere resonantly with the THz fi@lg & kw, where
Qu. = eEyu.d/nh is the Bloch frequencyk any integer, ando the frequency of the THz
field), carrier motion against the field direction becomes resonant by absorbing the energy of
photons [14]. This may lead to an absolute negative current as has been observed in recent
experiments [15—-18]. Such resonances between Bloch oscillations and the THz field have been
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the subject of intense experimental and theoretical investigations. An interesting open question
concerns the influence of the radiation field on the quantum transport in semiconductor SLs.
It is assumed that an ac field affects current anomalies due to resonances stemming from the
quantizing dc electric and magnetic fields as well as polar-optical phonons. More importantly,
one might expect additional peaks to emerge at the positions-nw, +mw + wy = 0 (Where

w. is the cyclotron frequency, agh, andm are integers) when the SL is exposed to an intense
radiation field of THz frequency. These cyclotron—Stark—phonon—photon (CSPP) resonances
group round the cyclotron energy or the energy of polar-optical phonons well beyond the
field regime, where resonances between Bloch oscillations and the radiation field appear (at
Qu. = kw). It is the main objective of our paper to investigate these new quantum effects in
the SL transport.

Most theoretical studies of the SL miniband transport under THz irradiation were
essentially one-dimensional in nature and based on the relaxation-time approximation, in
which the equilibrium distribution function was introduced [19-26]. This approach as well
as calculations using balance equations [27—-29] cannot take into account quantum effects
associated with the WS localization and the related current anomalies. This refers also
to calculations [30, 31] using the model of sequential tunnelling together with the Tien—
Gordon [32] or Tucker [33] expression for the ac current density. In the literature, there
have appeared only few studies [34] of quantum effects in the SL transport under a radiation
field.

We will treat the carrier transport in a SL under the influence of parallel electric and
magnetic fields applied perpendicular to the SL layers in the WS and Landau quantized regime.
The magnetic field enhances electro-phonon resonances appreciably and leads to additional
magnetic-field-induced resonances. The current density is calculated within a microscopic
quantum-kinetic approach that takes into account the heating of the lateral electron motion.
Intra-collisional field effects (ICFEs) of all fields involved are considered. This allows a
systematic study of CSPP resonances and the influence of the THz field on current anomalies.

2. The equation for the current density

A description of the field-mediated localization of carrier states requires an exact treatment of
the external electric and magnetic fields. Considering the symmetry properties of correlation
functions within the Wigner representation, a quantum-kinetic equation for the electron
distribution function has been derived in the literature [35] for spatially homogeneous systems
under the influence of electric and magnetic fields. This approach has been extended to account
for an additional radiation field [34]. When the carrier density is small and electrons travel
essentially only in the lowest miniband under the influence of electric and magnetic fields
applied parallel to the SL axis, the time-dependent distribution fungtidnz) is calculated

from [14]

af (klt) eE.(t) of (k|t) ro o o
o = k K,k 1
o h ak, ;/t;df fENOW K K|, 1) 1)
where
EZ(I) = Edc + Eac COSwt

is the total time-dependent electric field. The Wigner-transformed scattering probability
W (K, k|t', t) comprises scattering-in and scattering-out contributions [35] arising, e.g., from
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the emission or absorption of polar-optical phonons [1] within the SL:

4 H ! i ’
W kI 1) = = > 1My Ple(g))? Re[(NqA + e e + Ny en >]
q,Ar

x{P(k/+g,k—%,qt',I)—P(kz'+%,k+g,qt’,t>}. (2)

M, is the electron—phonon coupling constant for phonons of wave veatdsranchi. g(q.)

is the form factor of the SL miniband calculated in the extreme tight-binding limit [36]. We
use the simple bulk-phonon model because we think that besides the zone-folding effect most
details of the electron—phonon interaction in a SL are not of great relevance for the high-field
transport. In equation (2)y,, denotes the equilibrium phonon distribution function ang

the phonon frequency. The ICFEs of all fields are included in the time-dependent Green’s
function [14] (see also reference [35, 37]):

t'+t”
dr” {e (k + g + %/ dr E(r) + A(ivk,)>
p

’

i t—t
P k,qlt', t) = exp{—:f
h Jo

. oq e [T .
_ g(k -1+ ﬁ/ dr E(t) — A(le/)):| }%,Me/m I B 3)
t/ t

which expresses the fact that in strong electric fields neither the quasi-momégmntanthe
energy are conservedA(k) is the vector potential of the magnetic field in the symmetric
gauge. The band structuegk) = Ezki/Zm* + A(1 — cosk,d)/2 of the lowest miniband
is non-parabolic along the SL axis and describes electrons moving freely with the transverse
guasi-momentunitk,; and the effective masa* within the SL wells. A is the miniband
width. A kinetic equation of the form (1) to (3) has also been derived using non-equilibrium
Green functions in [38]. The authors of that paper obtained a similar result with the essential
difference thatin their approach the quasi-momentum conservation remained incorrectly intact.
In our derivation of a final kinetic equation we will progressively employ the discrete
nature of the underlying energy spectrum. For a sinusoidal ac electric field with a frequency
w, the distribution function is periodic in timef(k|t + 27/w) = f(k|t)). Itis, therefore,
convenient to perform a Fourier transformation

flly =Y €™ fo (k). 4)

m=—0o0

According to equation (1) the Fourier coefficienis(k) obey the equation

. EEdc afm (k) eEac <8fm+l(k) 8fml(k)) ’ ’
imof, (k) + — + — + = S (BYW i (K, k)
2.2

h Ok, 2h ok, ok,
(5)
where the field-dependent matrix elements of the collision integral are given by
w 21 /w o [ee) L
Wm/m(k/’ k) — _/ dr e|(m —m)wtf dl‘/ e—lm wt W(k/, k, f— t,, l‘). (6)
27[ 0 0

In the derivation of equation (6), we assumed that the external fields had been switched on at a
timetg — —oo. Forthe alignment of the electric and magnetic fields considered, parallel to the
SL axis, the lateral electron motion is spherically symmetric, ifg.(k) = f.(lkL|, k;). We

will conveniently employ also another symmetry property of the system, namely the periodicity
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of the distribution function [1] along the field directiofi((k ., k., + 27 /d) = f,.(k1, k;)). All
of these symmetries are accounted for in the followsingatzfor the distribution function [4]:

fu(k) = 2mi2n,e 0 Z( 1" L, (2k%12) Z dikd 7)
n=0 I=—00
wherelz is the magnetic length,, the electron sheet density, ahglare Laguerre polynomials.
As a consequence of charge conservation, the unknown nurfjhesatisfy the normalization
condition

Y =1 @)
n=0

which guarantees that the homogeneous set of kinetic equations (5) has a unique non-trivial
solution. To elucidate the main physical aspects characterizing CSPP resonances in the SL
transport, the details of the screened electron—phonon coupling matrix elements are probably
not of great relevance. Therefore, we will avoid complications arising from the momentum
integrals in equation (2) by considering constant matrix elements and dispersionless optical
phonons:

My |18 (q:)1? — wfT. 9)
Herel is the coupling constant. Inserting thasatz(7) into equation (5) and calculating the
integrals over the transverse momenta [4, 14], we obtain

) ) i
(imew +il92q.) f] +—lszac(f,f1_1ﬂ+ ! ) = P!

2
2w§1“ = ( ) /2”/4 e
= dk. di! @kIkd
27T/cu 00
X — dr ei(m/—m)wt / dt/ e—st’—im'a)t'
2 0

x { S Re[@UHE™ D Pk el — )]

— ftin Re[@(r’)e‘wv“"—"’) Poa(kl k|t —1', t)] } (10)
with the abbreviation
(1) = (No + 1)e™'® + N, (12)

Q.. = eE,.d/h is the Bloch frequency of the ac field. A finite lifetime of the discrete energy
states is accounted for in equation (10) by a phenomenological parasneterderiving
equation (10) we profited from the fact that the Green funckoim equation (3) factorizes
with respect to thé: | - andk,-dependencies. Effects exerted by the electric fields during the
scattering process are described by the function

/ q qZ /

Py(k., k|t 1) = ;Pz<k1+§,k1i3,qzt,t) (12)
which depends on two time arguments. The remaikingk_-integrals in equation (10) are
easily calculated using equation (3) and recalling the identity

2

— dx exp[—i(lx +asinx + b cosx)]
2 0

otherwise

L
—e"wj(’—a2+b)x{( 1) ifa>0 13
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with
¢. = arctanb/a). (14)

The scattering ternP! = entering the kinetic equation (10) now simplifies considerably and
takes the form

Pl o= 212 Zf()n / di’ e Im d)(t)e'““(” ”)] FL (") (15)
where we used the definitions
w 21w . ) Qac .
Fl () = —f dr exp<—|ma)t — Il—SII‘]a)t) Pl(t, 1) (16)
2]T 0 w
and
ool [T , A . -1 ifReZ >0
Pl(t, 1) :e"wr('v')—/ dy smy1,<: Slny|Z(t,t/)|> X D _
7 Jo h 1 otherwise.
(7)

In equation (17)/; is the Bessel function and the complex functior, ¢') is expressed by a
time integral

: v Qe .
Z(t, 1) =|Z|e% = f dr” exp[—i(Qdct” — —sinw(t — t”))}
0 w

i i ) gkt [e—i(Qdﬁkw)f’ _ 1] (18)

+
k= —o0 Qdc kw

which has been calculated by considering equations (27) and (30) in the appendix. In equ-
ation (10) only ther’-integral leads to poles associated with CSPP resonances. From equ-
ations (10) and (18), it is seen that CSPP resonances are expected to occur at the positions
Q4 +nw. + mow + wg = 0, with, m, andn being integers.

Throughout, we refer to a dc electric field strength, at which WS localization prevails
(4.t > 1). In this case, a perturbational treatment of scattering has become a suitable
tool [1] for determining the high-field transport properties. Under the condiign > 1,
it is sufficient to retain only the time-averaged zeroth Fourier components of the distribution
function in the scattering integral, which implies replacing the numbf,é,t;ls by 8,08 0 fo,
there. As shown in the appendix, the resulting kinetic equation can be solved exactly. The
solution has the form

0 1
p i

l mn
= E S 19
fOn i ilec m ( )
with
> QGC QIJC IlQ c + 1 ac
$=>" Jiw <l—>Jk<l ) det Utac (20)
P w w )1y +kw) + 1/7,,

In equation (20), we introduced a phenomenological scattering #imevhich prevents the
distribution function from diverging at the resonance positi@gs = kw. If there were no ac
electric field €,. — 0), we would have from equation (20}, = §,,.0. The solution (19) of
equation (10) fulfils the important requirement thatin the liftjt — 0 (but,. # 0) the non-
equilibrium distribution functiort f!),. = P(, /il for a biased electron system is recovered
and not the equilibrium distribution as in all former theoretical approaches [19-26]. Once the
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distribution function has been determined from the kinetic equation, it is straightforward to
calculate the current density from

e de(k)
Jo(t) = hVZ e kI (21)

Inserting the tight-binding dispersion relation as well as equations (4) and (7) into this equation,
we arrive at

ensA 1
k=% Z(fOn = fo)- (22)
For the simple cosine energy band only the +1 elements of the distribution functiof},

enter the expression for the current density. To proceed further in calculating the current, the
formal solution (19) is inserted into equation (22). From equation (15) it is seen that the matrix
elementP! itself depends on the component§, of the lateral distribution function. For
simplicity we will not go into a detailed analysis of the lateral carrier heating within the wells
but will make use of the Boltzmann distribution function [4]

o =2 sinl‘(%) exp[— ] (23)

which allows us to calculate th€-sum in equation (15) analytically. For the current density
we obtain the following final expression:

. engAm*oow.I' 1 — exp(—hw/kgT) o L . . .
T T Re ReS: —Im Im S
Jz hQqe wh3d 1-— exp(—hwo/kpT) Z Z [ OQin Oimn ]

n=0 m=—o0

(24)
with

00 , e—inw,.t’(e—iwot’ + e—ﬁwg/kBTeiwot/)
1 ! a—st 1/,
Opn = /O dr' e Im [ 1 oTo T gar F, (1. (25)

The current density (24) is composed of two different contributions, which correspond to
the two transport channels opened up by carrier scattering or delocalization induced by the
radiation field. When the ac electric field vanish@s (= 0), only the first current contribution
remains on the right-hand side of equation (24). This term describes scattering-mediated carrier
transport in the presence of a strong dc electric field, characterized by the antisymmetric part
(~ReQ},) of the non-equilibrium distribution function. A radiation field gives rise to an
additional current contribution (the second term on the right-hand side of equation (24)),
which results from photon-mediated delocalization of carriers. This term, which is negative,
describes the effect whereby Bloch-oscillating carriers absorb energy from the radiation field
to travel against the field direction [14]. If this current component is small compared to the
scattering-induced part, it is sufficient to retain only the= 0 term [29] in them-sum of
equation (24).

3. Numerical results and discussion

Negative current and Bloch—photon resonancefat = kw have been observed at a
comparatively small dc bias [15]. However, at low dc electric fields, our approach is not
applicable, as we used only the lateral component of the distribution function in the collision
integral, which results in an asymptotitH,. dependence of the current. We will focus on high
electric and magnetic field strengths, where pronounced resonance structures are predicted to
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appear in the current density unless they are smeared out by collisional broadening. For the
parameters used in our numerical calculation, the results are dominatedray=tieterm in
equation (24).

2.5

=
| [$)] N
T T T

Current Densityjz/j -0

O 1
0 10

dc Electric Field [kV/cm]

Figure 1. The electric field dependence of the current density measured in unitg of

eng Am*wol' /7 hi*d for Qu./w = 0 (dashed curve) an@,./w = 0.5 (solid curve). We used the
following parametersA /hwg = 1, hwo/kpT = 5, w/wo = 0.2, andH = 20 T, and introduced

two phenomenological broadening parametetsyt,;. = 0.07, 1/wot,. = 0.05, wherery. = 1/s

is the relaxation time of the dc transport. The SL period is 10 nm. Vertical solid and dashed

lines mark the positions of cyclotron—Stark—phonon resonances. CSPP resonances are denoted by
arrows.

Numerical results for the electric field dependence of the current density are shown in
figure 1 for2,./w = 0 (dashed curve) ar@,. /o = 0.5 (solid curve). If there were no THz
field (dashed curve), pronounced electro-phonon resonances would appear, which are marked
by vertical solid lines. These resonances are strongly enhanced by a magnetic field (for fig-
ure 1 we used? = 20 T). In addition, minor peaks are observed at cyclotron—Stark—phonon
resonance positions, marked by vertical dashed lines. As illustrated by the solid curve, a THz
radiation field rounds off these sharp resonance structures. To what extent the radiation field
is effective in smoothing current peaks depends on the value of the dc bias. An intense THz
field leads also to the appearance of additional current maxima at CSPP resonance positions,
marked by arrows and numberk #z, n) (in figure 1), for which the resonance condition
Q4. = mo + no. + wg is fulfilled. The proportion of new current anomalies that arise
depends sensitively on the dc electric field. CSPP resonances can easily be discriminated from
Bloch—photon-type resonancesaf. = kw, because in the former the frequengyof polar-
optical phononsisinvolved. The above-mentioned peculiarities iHlecharacteristic result
from ICFEs of the ac field. For the parameters used in our calculation, the ac-field-induced
current component, described by the second term on the right-hand side of equation (24), is
negligibly small.

A second example is shown in figure 2, where the dashed curve is again the reference
curve forQ,./w = 0, but this time for a smaller miniband width (%wo = 0.5). In addition,
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Figure 2. As figure 1, but for,./w = 0 (dashed curve) an@,. /o = 2 (thick solid curve). In
addition, we used\ /iwg = 0.5. The thin solid curve has been calculated by neglecting the ICFEs
of the THz field.

the intensity of the THz field is largefX,. /@ = 2 for the thick solid curve). The application

of such an intense laser field leads to a negative current density and to an almost complete
disappearance of electro-phonon resonances marked by vertical solid lines. New maxima
appear at CSPP resonance positions indicated by arrows and the numhers)( Under

the participation of the photon field, the cyclotron—Stark—phonon resonance marked by the
vertical dashed line is considerably enhanced. All of these new pronounced structures in the
I-V characteristic are due to ICFEs. This is shown by the thin solid curve, which has been
calculated without taking into account the influence of the ac field on scattering [14]. The
classical treatment of the THz field reproduces th& dependence at comparatively low
electric fields, where the current becomes negative, but does not account for the appearance of
pronounced CSPP resonances, which are due to quantum-mechanical effects.

The magnetic field dependence of the current density is depicted in figur@3fas = 0
(dashed curve) an®,./o = 1 (solid curve). The positions of cyclotron—Stark—phonon
resonances are shown by vertical solig=(0), dashedI(= 1), and dash—dotted & 2) lines.

For the set of parameters used in this calculation, a number of weak CSPP resonances emerge
in the current density, marked by arrows and numbé&ra (), which fulfil the resonance
conditionnw, = IQ4. + mw + wg. An observation of these new resonances would require
SL samples for which the collisional broadening is extremely small. Pronounced resonance
peaks in the current density, which occur wiigp = 0 (dashed curve), become considerably
smoother when an intense ac field is applied to the SL. It is seen from figure 1 that whether
the current is reduced or enhanced by switching on the ac field depends on the dc electric field
strength. For the dc electric field that we used in figur&€2 (= 35.4 kV cm™? or Q4. = wo),

the ac field leads to a current reduction, the extent of which increases with increasing magnetic
field. At low intensities of the THz field, the predicted CSPP resonance peaks in the current
density are less pronounced than the already-studied cyclotron—Stark—phonon resonances.
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Figure 3. The magnetic field dependence of the current density measured in unjts ef

eng Am*wol /mh*d for Qq./w = 0 (dashed curve) anf,./o = 1 (solid curve). We used the

set of parameterd /hwo = 1, hwo/kpT = 1, w/wo = 0.2, andEg. = 354 kV cm™1. The
broadening parameters are the same as in figure 1. Vertical lines mark the positions of cyclotron—
Stark—phonon resonances. CSPP resonances are denoted by arrows.

The collisional broadening plays an exceptional role in the system considered in which
the energy spectrum is discrete due to WS and Landau quantization. Without any lifetime
broadening, thd—V characteristics are given by a set®functions located at numerous
resonance positions. In our approach a smdefi characteristic is obtained by introducing
phenomenological broadening parameters related to the dc- and ac-field effects. Depending on
the values of these parameters, the predicted new quantum-mechanical resonances can appear
or be completely smeared out. This is a serious disadvantage of our calculation. Reliable
quantitative results can only be derived when both ICFEs and collisional broadening are
accounted for within the same microscopic quantum-mechanical approach. Further progress
will be related to studying quantum transport in SLs within this framework.

4. Summary

We treated the influence of a strong THz radiation field on the quantum transport of carriers in
the lowest miniband of a SL subject to quantizing dc electric and magnetic fields. All external
fields are applied parallel to the SL axis. ICFEs of all fields as well as the heating of the lateral
carrier motion are taken into account within a quantum-kinetic approach. The radiation field
gives rise to new CSPP resonances occurring when the four frequexgies , , andw fulfil
the resonance conditid®,. + nw. + mw £+ wg = 0 (wherel, n, m are integers). Depending
on the intensity of the THz field, even pronounced structures are predicted to appear at these
resonance positions both in the electric and magnetic field dependences of the current density.
To our knowledge, electro-phonon resonances have not been reported in SL transport
experiments until now. Nevertheless, enhanced LO-phonon-assisted inter-Landau-level tunnel
peaks have been observed in recent experiments on a GaAs/AlGaAs triple-barrier tunnel
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diode [39]. It was also possible to study elastic cyclotron—Stark transport anomalies for
rather different SLs [6,10]. An observation of the predicted new quantum-mechanical CSPP
transportresonances requires SLs in which collisional broadening is extremely small. Afurther
prediction of our approach is that existing strong current maxima at cyclotron—Stark—phonon
resonance positions should be strongly suppressed by an intense THz field.

Appendix

In this appendix we will derive the exact formal solution of the kinetic equation (10). To that
end, equation (4) is used to reintroduce the time-dependent distribution furf¢tionwhich,
according to equation (10), satisfies the first-order differential equation

d ’(t) dAz(t)

I}
T [ = P (A1)

with
Qac .
Aj(t) =1Quct + Aye(t) Aue(t) =1— sinowt. (A.2)
w

Equation (26) is easily solved. We obtain
. t . ,
Sty = &0 [C ' / dr' PL)eN )} (A3)
0

where the periodicity conditiorf! (t + 2 /w) = f(t) is used to determine the integration
constantC:

0
C= / dr Pl()e4® /(1 — e i/, (A.4)
—27/w

The remaining integrals over time variables are calculated using

gAac®) — Z Ji (l )elkwf (A.5)
w

k=—o00

The final result is

f (t) B e—|A,([) Z Pl Jk ei(lQL,L.+(k+m)a))t . (A6)
kom0 w Ji(lQy + (k+m)w)
Applying equation (30) again, we obtain
> kam (lQac/a)) Jk (lQac/w)
I _ 1
fOn - k’m:Z_oo mn I(lec + k(!)) (A?)

for the time-averaged components of the distribution function. To avoid divergencies appearing
on the right-hand side of equation (32)/&,. + k& = 0, we introduce a phenomenological
scattering timer,. and arrive at equations (19) and (20).
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